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Two ways to describe mass

Histograms. Mass as a vector of weights:

3, = {a eRY : Y a; = 1}.

Discrete measures. Weights placed at positions:

n

azZalﬁxi, T, € X.

=1

General measures. o € M (X), a Radon
measure

/X fda ( = zi:aif(xi) if ais discrete).

| |a1 | ‘ll
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Assignment

Approach. Given a cost matrix (C; j)ic[n], je[m] Ty Ty T3 X4
and assuming n = m, solve ® o o o
1 n
min Z Ci,a’(i)'
o€Perm(n) N = Py Py Py
. . . €T U X 4)
Combinatorial problem: n! candidates. ! . ’ 4

Is the solution unique?
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Monge Problem

Discrete Monge. Find T : {z;} — {y;} that pushes
« onto f3:

Vi, b= Y .
i T(x)=y;

min { > (@i, T(ws)) : Tpo = 5}

%

T#Oé . ﬂ

General Monge (1781).

min{/Xc(:L‘,T(a:)) da(z) : T#azﬁ}.

T

T3 .

B =Tyo
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Coupling Approach

We change the Transport Map T for a transport

matrix P € R*™

U(a,b) = {P € R"™: P1,, =a, P'1, =b}. =
|
|

a

® U(a,b) is a convex polytope.

® ab’ € U(a,b).

* PcU(a,b) « P’ € U(b,a).

Kantorovich Problem:

LC (a, b) =

min
PeU(a,b)

(C,P)=> " C;Pi;
A?j
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The reformulation - Birkhoff

Suppose n = m and a = b = 1,,/n, the set of permutation matrices are included in U(a, b), so

1
L b) < min — Ci o)
C(aa ) >~ H}Tln n ; i,0(2)

Proposition (Kantorovich for matching)

If n=m and a = b = 1,,/n, then there exists an optimal solution for Kantorovich, which is a
permutation matrix associated to an optimal permutation for the assignment problem.

Le(1,/n,1,/n) = min (C, P,)

oc€Perm(n)

Kantorovich Relaxation

7/14



Marginals and projections

Pyym(A) = W(P/\?l(A)) =m(Ax)).
Marginal constraints. m € U(q, ) iff for all Y

A x Y

measurable AC X, BC Y- .

1(AxY)=a(Ad), 7(X x B)=p8(B). \ 4

With test functions. Equivalently, for all continuous f, ) v

g: Co

| s@artay) = [ faa. / o) dn() = [ 9. B

XXY X XXY y x

Discrete case. ™ = Z POy a(A) = 7(A x V)

P1,, = a, P'1,=b
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Kantorovich problem between arbitrary measures

With Px(z,y) = x, Py(z,y) =y as projections:
m=1d,T)ya

U(avﬁ) = {7T € Mi(é\fxy) : Pypm=a, Pyym = 5}7

Lo.f) = _min | e dnty)
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Monge—Kantorovich equivalence

Theorem (Brenier)

Let X =Y =R, ¢(x,y) = ||x — y||?, and let o have a density. Then there exists a unique
optimal coupling, supported on the graph of a map:

7 = (Id,T)»a, T =V, ¢:RY—=R convex,

and T is the unique gradient of a convex function with (Vy)xa = f.
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Metric Properties of Optimal Transport

Proposition

letn=m,p>1,and C=D? = (Df,j)m- € R"*" (entrywise power), where D € R7*" is a
distance on [n], i.e.
(i) D is symmetric;
(i) D;; =0 if and only if i = j;
(iii) V (4,4, k) € [n]?, Dix <Dy + Dy
Then
W,(a,b) = Lp»(a, b)'/?

defines the p-Wasserstein distance on ¥,,: W, is symmetric, positive,
Wy(a,b) =0 <= a = b, and satisfies the triangle inequality

Va,b,c€X,, Wy(a,c) < Wy(a,b) + W, (b, c).
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Measure Metric

KL(« || 8) = / log (jﬁ) da

o= Bllrv = / da— d8|
X

B ) 1/2
Wit ) = (Lmin, [ el dnta)
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Kantorovich Duality (discrete case)

L - £ — {(f R" X R™: f; +g; < C;;}.
C(avb) (f,griﬂeal:}{{(C)< 7a>+<ga b>a R(C) {( 7g) € X 1+g] —CJ}

A shipper charges f; to pick up at x; and g; to deliver at ;. To be competitive, the prices must
satisfy f; + g; < C;;; maximizing their profit, the shipper exactly matches the optimal cost.
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Primal in standard form

We vectorize column-wise: p = vec(P) € R™", ¢ = vec(C). Both marginal constraints are
linear in p:
Pl, =01, ®L)p, P'1,=(,21))p.

Primal in standard form

— g T — & _ 1:n®ln (n+m)xnm
Lc(a,b) = pg]lRlinm cp st Ap= {b] , A= [Im - 11] cR .
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